We construct the consistent ghost-free covariant scalar-vector-tensor gravity theories with second order equations of motion with derivative interactions. We impose locality, unitarity, Lorentz invariance and pseudo-Riemannian geometry as the fundamental terms. In the tensor sector we require diffeomorphism invariance, whereas we allow the vector sector to be gauge invariant or not. The resulting Lagrangians consist of new genuine couplings among these fields with at most two derivatives per field. They propagate five physical degrees of freedom in the gauge invariant case and six degrees of freedom if the gauge invariance is broken. In the corresponding limit of the free general functions in the Lagrangian, one recovers the generalized Proca theories. These scalar-vector-tensor theories will have important implications for cosmological and astrophysical applications, among which we mention the application to inflation and generation of primordial magnetic fields, new black hole and neutron star solutions, dark matter and dark energy.
I. INTRODUCTION
General Relativity is the unique theory for a massless spin-2 field with two propagating degrees of freedom. Maintaining the Lorentz symmetry, unitarity, locality and a pseudo-Riemannian space-time any modification inevitably introduces new degrees of freedom in the gravity sector. These are typically additional scalar, vector or tensor fields. After specializing the additional ingredients, one can quite generally build the corresponding underlying interactions.
The simplest extension is based on a scalar field. In theis context, one can construct the most general covariant scalar-tensor theories with second order equations of motion, which uniquely leads to Horndeski interactions [1] . While the resulting theory has derivative and nonminimal couplings to the gravity sector with four arbitrary functions, it gives rise to equations of motion no higher than second order.
Similarly, one can introduce an additional vector field into the gravity sector and construct in a unique way the most general vector-tensor theories with second order equations of motion. If one imposes gauge invariance on the vector field, only one additional coupling of the vector field to the double dual Riemann tensor is possible [2] . Abandoning gauge invariance allows more general vector-tensor theories, the generalised Proca theories [3] . Apart from the analogous scalar interactions of the longitudinal mode of the vector field, there are two new genuine purely intrinsic vector interactions with no scalar counterpart. One of them must couple non-minimally to the double dual Riemann tensor [4] (see also [5] ). These vector-tensor theories have very rich cosmological [6] and astrophysical [7] implications. In this Letter we aim at constructing the scalar-vector-tensor gravity * Electronic address: lavinia.heisenberg@eth-its.ethz.ch theories with second order equations of motion, for both the gauge invariant and the gauge broken cases. This will constitute an important step towards unifying the two general classes of Horndeski and generalized Proca theories.
II. SCALAR-VECTOR-TENSOR THEORIES

A. Gauge invariant
We will construct the consistent ghost-free scalarvector-tensor theories with derivative interactions between these fields, nonetheless with second order equations of motion, by directly extending the separate constructions of the scalar and vector sectors. We will first assume that the vector field is gauge invariant and the tensor field has the standard diffeomorphism invariance. This constrains the allowed interactions significantly. The consistent scalar-tensor theories are the well known Horndeski theories. Similarly, one can construct consistent vector-tensor theories with second order equations of motion, known as the generalized Proca theories. Constructing the latter, the associated gauge invariance of the vector field is explicitly broken. However, it can be reintroduced in a straightforward manner using the Stueckelberg trick. The generalized Proca interactions can be written as scalar-vector theories with non-trivial couplings between the scalar Stueckelberg field and the gauge field. The Stueckelberg field is restricted to enter only through derivatives and hence has a shift symmetry. After applying the Stueckelberg approach, one obtains shift symmetric Horndeski type interactions for the pure scalar Stueckelberg field sector and genuine new couplings between the scalar field and the vector field, including such of derivative nature. One can then generalize these interactions by explicitly breaking the shift symmetry of the Stueckelberg field. The resulting theories are more general since the relative tuning of the interactions is required only for a subclass of the free functions in the Lagrangian.
The action of the scalar-vector-tensor theories has the following form
where the scalar-tensor interactions in S ST are the standard Horndeski interactions. We shall represent these interactions as
with the arbitrary functions G 3,4,5 (π, X) depending on the scalar field π and its derivatives
The vector field A µ shall first be gauge invariant, with its dynamics determined by the gauge invariant field strength F µν = ∇ µ A ν − ∇ ν A µ and its dualF µν = 1 2 ǫ µναβ F αβ . We can build the corresponding scalarvector-tensor Lagrangians order by order as
The second order Lagrangian of the scalar-vector-tensor theories can have the general form [3, 8] . The independent scalar quantities that we can build from the arguments of f 2 are X,
, so that the second order Lagrangian of the scalar-vector-tensor theories can be written as
Note, that the scalar quantity ∂ µ π∂ ν πF µαF ν α can be expressed in terms of the above scalar quantities and would thus not be an independent contribution. The same is true for ∂ µ π∂ ν πF µαF ν α . Clearly, the second order Lagrangian of the Horndeski
We can also construct terms that carry more than one derivative per field. The genuine coupling of the Stueckelberg field with the gauge field with more derivatives acting on the scalar field needs more caution. The interactions will be of the form M µν 3 ∇ µ ∂ ν π, where the symmetric rank-2 tensor M 3 needs to be constructed from ∂ µ π,F µν and g µν . If one imposes that higher time derivatives be absent, this restricts M 00 3 to not have any other time derivatives thanπ. Therefore, the gauge field can only enter into M 3 viaF 0αF 0 α ∼ B 2 . Therefore, the third order Lagrangian of the scalar-vector-tensor interactions arises as
where the rank-2 tensor M 3 has to have the form
For the interactions to be most general, we broke the shift symmetry of the Stueckelberg field and allowed an explicit π dependence in the independent functions f 3 andf 3 . Due to the imposed properties on M 3 , these interactions do not give rise to higher than second order derivatives in the equations of motion, thus avoiding instabilities. Similarly, we can build the next order interactions with similar properties but quadratic in ∂ 2 π. The interaction will be this time of the form
µναβ is the double dual Riemann tensor and the tensor M 4 has to be given by
Note, that in contrast to L 3 , for the interactions quadratic in ∂ 2 π, we included non-minimal couplings in L 4 in order to maintain that the equations of motions remain of second order. This is needed only for the X dependent part but not for the π dependence, hence we can further admit the independent functionf 4 (π). Thus, the general scalar-vectortensor Lagrangians with gauge invariance are constructed
By construction, these theories contain five propagating degrees of freedom. Note, that the pure gauge invariant vector-tensor theories are recovered in the limit of a constant scalar field. For f 4 = constant we recover the standard Horndeski vector interactions √ −gL µναβ F µν F αβ .
B. Broken gauge invariance
In the previous section we considered the interactions of the scalar-vector-tensor theories, with the vector sector being U (1) gauge invariant. More general interactions can be constructed if this restriction is lifted. Introducing S µν = ∇ µ A ν + ∇ ν A µ together with the effective metric
the genuine scalar-vector-tensor interactions without gauge invariance
S µα S νβ .
where i = 1, 2, 3 and j = 1, 2, 3, 4 with the functions
with the four arbitrary functions h 5j . Similarly, the tensor N µν 5
has exactly the same form, with the functions h 5j replaced by independent functionsh 5j 1 . The tensors M 
Since the gauge invariance is now broken, six degrees of freedom will propagate for these interactions. It is worth to mention at this stage, that one can construct these scalar-vector-tensor theories in an analogous way by taking the decoupling limit of the multi-Proca theories. Note, that the interactions in L 4, 5, 6, ng SVT can be further generalised by performing the disformal transformation
which will introduce beyond scalar-vector-tensor theories among other things. For instance in S 2 this replacement with
will require the corresponding relative tuning with f nj (π, X i )R.
In the previous and in this section we constructed the scalar-vector-tensor theories with and without gauge invariance, respectively. These scalar-vector-tensor theories will have very important and rich applications to 1 For an arbitrary background the dependence of the functions h 5j andh 5j has to be adjusted respectively, such that either the X 1 or the X 3 dependence shows up dominantly in order to maintain the temporal component of the vector field non-dynamical. The analysis for such a background will be performed in a future work.
cosmology, specially to the early universe cosmology and dark matter phenomenology. In the following we will give a few directions that will be worthwhile to explore in detail.
III. INFLATION AND THE PRIMORDIAL MAGNETOGENESIS
A natural application of these scalar-vector-tensor theories is the early universe cosmology. The implications will be multifaceted, both for the concrete realisation of the inflation scenario as well as for the generation of primordial magnetic fields. The scalar field π can play the role of the inflaton field and the gauge field couplings may generate magnetic fields.
In standard electromagnetism the Maxwell kinetic term
2 ) does not depend on the scale factor for a cosmological background with an FLRW metric and hence the electromagnetic field does not feel the expansion of the universe. This is due to the conformal invariance of the Maxwell Lagrangian. Therefore, the magnetic field scales as B 2 ∼ a −4 . Due this conformal invariance, the conformal vacuum is preserved and one can not generate magnetic fields in the early universe. In order to overcome this difficulty, one either has to explicitly break the conformal invariance or make the vector field massive. In this respect many attempts in the literature were based on considering direct couplings of the inflaton field with the gauge field that break the conformal invariance. Widely used are L CB = F 1 (π)F µν F µν and L CB = F 2 (π)F µνF µν . Note, that the latter breaks also parity if the inflaton field is a real scalar field and does not contribute to the energy momentum tensor. Furthermore, we have F µνF µν = −4 B · E. Due these couplings to the inflaton field in the functions F 1 and F 2 , the conformal invariance is broken and one can generate magnetic fields in the early universe. See the review [9] for more details on these couplings. The Lagrangians L CB andL CB are just specific subclasses of our more general Lagrangian in L 2 SVT . The scalar-vector-tensor theories constructed in the previous section can offer a similar mechanism for the generation of the magnetic field. For illustrative purposes let us consider the Lagrangian
where we choose as an example for the electromagnetic part 
(16) where the two functions P and Q are given by
We can canonically normalize the gauge field A = A/P (π) and decompose it into mode functions as
, with the creation and annihilation operators a λ ( k) and a † λ ( k). The equation of motion of the mode functions of the canonically normalised gauge field is given by
Similarly, we can decompose the electric and magnetic fields and express them in terms of the mode functions of the gauge field
A λ P . The magnetic energy density is given by
The amplitude of the vector field at the end of inflation can then be estimated as δ
. We have much freedom in the functions f 2,3,4 andf 2,3,4 in the expressions for P and Q. Given a concrete ansatz for these functions, we can then solve (18) for A and obtain the associated energy density of the magnetic fields. For a specific power law ansatz for a subclass of interactions the generation of large-scale magnetic fields without strong coupling problem was shown in [10] . Here, we have even more freedom in the interactions to go beyond. Since our new interactions enter with more derivatives compared to those considered in [10] , we expect the generation of the magnetic fields to happen during pre-heating.
IV. BLACK HOLE AND NEUTRON STAR SOLUTIONS
Further crucial implications of these scalar-vectortensor theories will be new black hole and neutron star solutions with new features coming from the scalar and vector modes, and their interactions. We expect new hairy black hole solutions from a very similar spirit as in scalar-tensor and generalized Proca theories. As an example let us consider the following Lagrangian SVT are the gauge invariant Lagrangians in equation (8) . We can assume a spherically symmetric background ds 2 = −f (r)dt 2 + h −1 (r)dr 2 + r 2 dΩ 2 with the field configurations π = π(r) and A µ = (A 0 (r), A 1 (r), 0, 0). Note, that the longitudinal mode corresponds to an unphysical gauge mode and does not contribute to the dynamics. The dependence onF in (8) vanishes and the Y term does not deliver additional independent interactions. The Lagrangians L 3, 4 SVT simplify in this field configuration to
The contributions of these Lagrangians to the equations of motion for π, A 0 , h and f are very different from the corresponding Lagrangians in the generalized Proca theories studied in [7] , hence we expect interesting type of new hairy black hole solutions in the presence of these genuine scalar-vector-tensor interactions. One can specifically construct those solutions with f = h and A 0 = 0 and π = 0 (see [11] for more detail).
V. DARK ENERGY MODELS
If one is willing to apply the scalar-vector-tensor theories presented above to dark energy phenomenology, there will be important differences depending on whether one chooses vector fields with our without gauge invariance. In the gauge invariant case for a homogeneous and isotropic background one would need to promote the gauge field to a non-abelian gauge field, hence enhancing the underlying symmetry to the SU (2) group. Restricting the Lagrangians to a subclass with no derivative non-minimal coupling will allow for the right phenomenology. One could for instance consider the La-
SV T and F µν andF µν are promoted to F a µν andF a µν , respectively. The scalar field can then admit a time dependence π(t) and the non-abelian field take the field configuration A a µ = A(t)δ a i . The Lagrangian with broken gauge invariance will probably be more appealing for dark energy applications (see [12, 13] ). In the presence of a single Proca field cosmological solutions can be realised with the temporal component of the vector field [6] . One can for instance consider the Lagrangian [12] . For the last two field configurations the Lagrangians would need to be restricted to
SV T ) with f 4,Xi = 0 for the right propagation speed of the tensor modes.
VI. DARK MATTER APPLICATIONS
Scalar-vector-tensor theories have been traditionally widely used as alternatives to dark matter particle. Predominant examples are TeVeS [14] and MOG [15] . They correspond to relativistic theories that recover the MOND phenomenology on galactic scales. Within the class of scalar-vector-tensor theories we have proposed here, the broken gauge case would be very appealing as an alternative to dark matter models. The presence of the massive vector field will yield a repulsive Yukawa force. Our scalar-vector-tensor theories can naturally generalise these examples and offer richer phenomenology due to the new non-trivial couplings between the scalar and vector fields. The coupling of the Proca field with the one scalar field in these theories can be extended by the new interactions in L i,ng SVT .
VII. CONCLUSION
In this Letter we presented a new class of modified gravity theories based on an additional scalar and vector field on top of the standard tensor field. The resulting scalar-vector-tensor Lagrangians contain derivative interactions among other things, nevertheless give rise to second order equations of motion. We first constructed these theories under the assumption that the vector field carries a U (1) gauge invariance, which restricts the allowed interactions considerably. Next, we relaxed this condition and allowed interactions breaking gauge symmetry. In both cases the resulting theories contain new genuine couplings between these fields with at most two derivatives per field and five degrees of freedom propagating in the case of gauge-invariant interactions and six in the broken gauge case. One can recover the generalised Proca interactions taking the corresponding limit of the free general functions accordingly. The scalarvector-tensor theories presented here will have relevant implications for cosmology and astrophysics. We mentioned a few directions for applications to inflation and generation of primordial magnetic fields, new black hole and neutron star solutions, dark matter and dark energy.
